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A PROP is a symmetric monoidal category whose objects are the nonnegative integers and whose 
tensor product on objects is addition. A morphism from m to n in a PROP can be visualized as 
a string diagram with m input wires and n output wires. For a held k, the PROP FinVectj. where 
morphisms are A:-linear maps is used by Baez and Erbele to study signal-how diagrams. We aim to 
generalize their result characterizing this PROP in terms of generators and relations by looking at the 
PROP Mat(R) of matrices with values in R, where R is a commutative rig (that is, a generalization 
of a ring where the condition that each element has an additive inverse is relaxed). To this end, we 
show that the category of symmetric monoidal functors out of Mat(R) is equivalent to the category 
of bicommutative bimonoids equipped with a certain map of rigs; such functors are called algebras. 
By choosing R correctly, we will see that the algebras of the PROP FinSpan of hnite sets and spans 
between them are bicommutative bimonoids, while the algebras of the PROP FinRel of hnite sets 
and relations between them are special bicommuative bimonoids and the algebras of Mat(Z) are 
bicommutative Hopf monoids. 


1 Introduction 

Product and permutation categories, or PROPs for short, are tools used to describe the algebraic structure 
of an object. They were introduced by Mac Lane for the purposes of universal algebra, generalizing 
Lawvere’s notion of an algebraic theory [10, 11]. 

Formally, a PROP is a symmetric monoidal functor whose objects are the natural numbers and whose 
tensor product on objects is given by ordinary addition. ^ is, & PROP and ^ is a symmetric monoidal 
category, we define an algebra of ^ over ^ to be a symmetric monoidal functor We say that 

is the PROP for a category if the category of algebras over ^ is equivalent to . 

PROPs are useful in providing a mathematical formalization of various sorts of diagrams used in 
physics and engineering, such as signal-flow diagrams [5, 8]. For example, a morphism m ^ n can be 
visualized as a black box diagram with m inputs and n outputs. 

w 

The monoidal category structure provides us with different ways of sticking components together — 
composing two morphisms / : m —)• n and g : n ^ p lets us connect the outputs of / to the inputs of g, 
while tensoring provides a way of placing two circuits side-by-side. 
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A rig is generalization of a ring (with unit) where elements are not required to have additive inverses. 
Some common examples include the natural numbers N and the two-element Boolean rig B where 0 
and 1 are the truth values FALSE and TRUE, respectively, and where addition is given by OR and 
multiplication by AND. Eor a commutative rig R, we define a PROP Mat(R) by letting morphisms m^n 
benxm matrices with values in R. Note that Mat(R) includes some famous categories as particular cases; 
for example, Mat(B) is equivalent to the category EinRel of finite sets and relations between them, and 
Mat(N) is equivalent to the category EinSpan of finite sets and spans between them. If A: is a field, Mal(A:) 
is equivalenf fo fhe category of EinVecU of finite ^-vecfor spaces and linear maps befween fhem. 

Note fhaf Maf(/?) generalizes Heisenberg’s mafrix mechanics; R = C gives fhe familiar case. If we 
lef R = [0,oo), fhen Maf(R) gives an analogue of mafrix mechanics where relafive probabilifies replace 
amplifudes. If R is fhe Boolean rig B, relafive possibilifies replace amplifudes insfead. 

We will show: 

Theorem. Let R be a commutative rig. Then Maf(R) is the PROP for bicommutative bimonoids A 
equipped with a rig map from R to the rig ofbinionoid endomorphisms on A. 

In fhe case fhaf k is fhe field R(5) of rational funclions in one variable, fhe siring diagrams of fhe 
PROP Mal(^) are fhe signal-flow diagrams sfudied by Baez and Erbele and Sobocihski el al. [5, 7, 8]. 
Baez and Erbele show fhaf, when coming up wifh a sel of generafors and relafions of fhe calegory Mal(A:) 
where k is a field, fhe additive and mulliplicalive inverses do nol play a role [5]. Insfead of describing fhe 
PROP in terms of generafors and relations, our focus on describing functors oul of Maf (R) give a similar 
characterization, bul fhe proof is much more efficienl. Our melhod also allows Mal(R) to be compared to 
PROPS describing similar slrucfures, such as fhe one for bimonoids wilhoul unif or counif given in [12]. 
Some consequences of our fheorem are fhaf 

• EinSpan is fhe PROP for bicommulalive bimonoids; 

• EinRel is fhe PROP for special bicommulalive bimonoids; and 

• Mal(Z) is fhe PROP for bicommufafive Hopf monoids. 


2 Bicommutative Bimonoids 

Eix a monoidal category 'rf wifh symmefry funcfor Tab- A commutative monoid is an objecf A G 
wifh funcfors jiA : A (g) A —> A and T]^ : / —> A, called mulliplication and fhe unif respectively, satisfying 
associafivily, fhe unif laws, and commulalivify. Diagrammalically, we represenf fhe mulfiplicalion and 
unif operafions as 





and fhe relafions Ihey musl satisfy are depicted as 
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We define a monoid homomorphism to be a function f :A^ B between monoids that commutes with 
the multiplication and unit maps; that is, psif ® f) = IBa and frjA = Bb- This is represented pictorally 
as 



Note that the composition of two monoid homomorphisms is a monoid homomorphism. 

A cocommutative comonoid A ^’ip has the maps comultiplication : A —)■ A (g) A and the counit 
Ea -A^ I represented as 
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These maps satisfy inverted versions of the axioms for a commutative monoid: 



We can also define a comonoid homomorphism: 
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Comonoid homomorphisms are again closed under composition. 

A bicommutative bimonoid A is a commutative monoid and a cocommutative comonoid such that 
certain distributive laws hold; namely, that maps defining the monoid structure commute with the maps 
defining the comonoid structure, so that Pa^a = (Aa ® Aa)(1a C) T® 1a)(Ma ® /^a), ^aBa = Ba<S>Ba, 
EaPa = £a‘S)£a, and EaPa = 1/- Pictorally, we have the following relations: 
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Note that the above axioms are equivalent to saying that and Ea are monoid homomorphisms, or 
that }Xa and 77 ^ are eomonoid homomorphisms. Bimonoid homomorphisms /: A —> B are morphisms that 
are both monoid and eomonoid homomorphisms; they, too, are elosed under eomposition. If ^ eonsists 
of fc-veetor spaees and ^-linear maps for some field k, then we eall the above eonstruetions commutative 
algebras, cocommutative coalgebras, and bicommutative bialgebras respeetively. 

Given two bieommutative bimonoids A,B 'we ean give A ( 8 )B the strueture of a bicommutative 
bimonoid by setting ixa^b = (Ba ® Tba G) 1 b), tja®b = r\A®r\B,^Am = (lA< 8 )TBA(g)lB)(AA( 8 i 

Ab), and £a®b = £a <2> £b- In this way we may make A®’” into a bicommutative bimonoid for each m>2. 
Since the symmetry T is natural, the bimonoid homomorphisms of A ( 8 ) B —>■ A' (g) B' are exactly / (g) g 
where f \ A ^ A' and g : B —> B' are bimonoid homomorphisms. 

We will write for the functor A®” —> A given inductively by = tja and = /rA(l ^Ba) 

A^ for the functor A —A®" given inductively by A° = £a and A^+^ = (1 a (g) A^)Aa. By associativity, Ba 
can be depicted as any tree with n leaves; coassociativity means a similar statement holds for A^. 

We define Bimon fo be fhe subcafegory of ^ whose objecfs are bicommufafive bimonoids and whose 
morphisms are fhe bimonoid homomorphisms befween fhem. 

Lemma 1. The category Bimon may be enriched over commutative monoids. 

Proof. If /,g G HomBimon(A,B), define / + g fo be }XB{f ® g)AA, nofe fhaf fhis is a composifion of bi¬ 
monoid homomorphisms and is hence a bimonoid homomorphism. We need fo show fhaf addition defines 
a commufifive monoid sfrucfure on HomBimon(A,B) and fhaf fhe composifion map HomBimon(fi,G) (g) 
HomBimon(A,B) —> HomBimon(A,C) is a monoid homomorphism. For fhe former, associafivify occurs 
since 

(/ + g) + = Bb ( (Bb (/ ® g) Aa ) ® li) Aa 

= Bb (Bb G) I) (/G) g Ii) (Aa < 8 ) I)Aa 
= jUb (I (g) Bb) (/® g /i) (I ® Aa)Aa 
= Bb (/® (Bb (g ®/j) Aa ) Aa = / + (g-h/i), 

where fhe fhird equalify follows from fhe associafivify of B and fhe coassociafivify of A. The zero elemenf 
of HomBimon(A,B) is 0 = EbVIa^ the unif laws of HomBimon(A,B) follow from fhe unif laws of B and fhe 
counif laws of A, for insfance 

0 + / = BB((£Bt7A)O/)AA 

= Bb(£b l)/(t7A ® 1 )Aa =/. 

To check commufafivify, lef Ta : A (g) A —> A (g)A be fhe symmefry map. Then, by fhe commufalivify of B 
and fhe cocommufafivily of A, 

f + g = PbH ^ g)^A = llBTtBif ® g)f^A 

= PB{g®f)'tAAA = BBig^D^A =g + f- 

We now show fhaf fhe composition map HomBimon(fi,G) x HomBimon(A,B) —> HomBimon(A,C) is bi¬ 
linear, so if induces a monoid map HomBimon(fi)C') G)HomBimon(A,B) —> HomBimon(A,C). If /i ,/2 G 
HomBimon(B,C) and gi,g 2 G HomBimon(A,B), fhen 

fl{gl+g2) = flllB{g\®g2)^A 

= Atc(/l< 2 )/l)(glG>g 2 )AA 
= Pc{f\g\ G>/lg 2 )AA = /igl +/lg 2 , 
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and similarly (/i +f 2 )gi = figi +f 2 gi- 


□ 


Using this enriched structure as addition and composition as multiplication, we can make HomBimon(^) 
into a rig for all A € Bimon. We will call this rig End(A). 

For an arbitrary commutative rig R, we define a category Bimon^ whose objects are pairs (A,(^a) 
where A is a bimonoid in ^ and where (/>4 is a rig homomorphism R End(A). The morphisms / : 
(A, (Pa) —^ {B, <Pb) are bimonoid maps / : A —> B for which the diagram 


A 


/ 


B 


Mr) 


Mr) 


A 


f 


B 


commutes for all r € 7?. 


3 The PROP Mat(/?) 

For a given commutative rig R, we define Mat(/?) to be the PROP where Hom]viat(«)(wJ)?^) consists of 
nxm R-valued matrices and where composition is defined by matrix multiplication. The tensor product 
of two matrices / (g) g is given by the block diagonal matrix 


/ 0 

0 g 

Note that, since there is exactly one matrix with n rows and no columns and that its transpose is the 
unique matrix with no rows and n columns, 0 is both the initial and terminal object in Mat(/?). Also note 
that the symmetry is given by 

0 1 
1 0 

If / and g are m X n matrices, we can define an enriched structure on Mat(R) (see Eemma 1 below) by 
letting / + g be the usual matrix addition. 

We can also equip the object 1 G Mat(R) with a bicommutative bimonoid structure where (abusing 
notation slightly) /Ir = (l l) and = 0 : 0 —)• 1 are the multiplication and unit maps. The comulti¬ 
plication Ar and counit Er are defined by fhe transposes of these matrices. Checking the axioms now 
amounts to multiplying matrices; for instance, associativity holds since 

Ati?(l C)AtR) = (l l) ^ l) ^ (o 0 




Transposing matrices gives a self-inverse contravariant endofunctor on Mat(R); this functor allows us to 
extend results shown for the monoid (Mat(R),/iR, T]r) to the comonoid (Mat(R),AR,£R). 

Lemma 2. For any rig R, the object 1 together with the morphisms /Ir, T]r, Ar, and Er defined above as 
well as the map r : 1 —?■ \for every r GR generate Mat(/?). 
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Proof. Any object n G Mat( 7 ?) is equal to 1 ®”. 

If (r,) is a 1 X n matrix, then (r,) = /r^((ri) ® ® (?■„)), since 

(ri 0\ 

(1 ••• 1) =(n ••• rn). 

\0 r„/ 


If (rij) is an arbitrary mxn matrix, we have that (r/^) = {{rn )i ® • • • (S' where {rij)i is the jth 

column of the matrix (r,y), since 


{ri\)i 0 \ /l\ ({ri\)i 


{fin)i/ \1/ \ifin)i 


□ 


4 Algebras over Mat(7?) 

Lemma 3. If A is a bicommutative bimonoid, R is a commutative rig, and ^ : R ^ End(A) is a map of 
rigs, then there is a unique strict monoidal functor Fa enriched over commutative monoids from Mat(7?) 
to Bimon such that 

(1) A = Fa{1) 

(2) }Xa=Fa{iXr) 

(3) riA=FAiriR) 

(4) Aa=Fa{Ar) 

(5) eA = FA{eR) 

(6) ^{r) = FA{r : I ^ 1) for all r £ R. 

This functor is necessarily symmetric. 

Proof. By Lemma 2 and by the fact that we wish Fa to be a strict monoidal functor, the given information 
shows how Fa behaves on generators and is therefore enough to define Fa on all of Mat(7?). We are 
required to set F/i(l) = A; on all other objects, the monoidal structre of Fa gives us FA{n) = A®”. Note 
that Fa is also determined on morphisms; in particular, if (r,) is a 1 x n matrix, define Fa (r,) = (0 (ri) (8) 

•• •(8)0(r„)), and if (r;y) is an arbitrary mxn matrix, define FAinj) = {FAi{rn)i) ^ FA{{ri,n)i))Af^„. 
Note that FA{rij) is a composite of bimonoid maps, and is thus itself a bimonoid map. Note also that, 
since we have stipulated its values on the generators of Mat(/?), Fa is necessarily unique. 

To see that Fa preserves the enriched structure 1, first let (r,) and ( 5 ,) be 1 x n matrices. Then 


Fa{ n + Si) = PA{^{ri + si) ^ ^ <p{r„ + 5 „)) 

=(n) + 0(ii)) (g) ■ • • (g) (0(r„) + 0(5„))) 

= PA{PAi<P{ri) ^ ^{si))Aa^ ■ ■ ■ ^ FA{<P{rn) ^ ^iSn))2^A) 

= p^PA<^n{^{ri) ® <p{si) ® • • • ®(p{rn) ®(p{Sn))AA 

=(0 (n) (g) ■ • • (g) 0 (r„)) 0 (0 (ii) (g) • • • (g) 0 )))Aa®" 

= FA{ri)+FA{si). 







Simon Wadsley & Nick Woods 


7 


For the general ease, assume (rij) and (sij) are m x n matriees. Then 
-^(^7 T — (-^(T'I T ‘^/l) ® ■ ■ ■ ^pAiyim T ^im)')^/csn 

= {{FA{ril)+FA{Si\)) (8) • • • (g) {FA{rim+ Sim)))^A»n 

= {iJ-A^n {Fa (rn) (g) Fa (sn ))Aa®- (g) • • • (g) Ma®" {Fa {ra) (g) Fa ( 5 , 1 ))Aa®™ )A“®„ 

— Ahi®'" ((-^ (T'1 ) ® (Tm ))A^®n (g) (Fa (‘^n) Fa {stm ))A^0„)Aa®« 

= lXA‘»"'{FA{^ij) 'Si FA{Sij))AA»n 
= FA{rij) +FA{sij). 

We now show Fa is a funetor. Beeause we already eheeked that Fa preserves the enriehed strueture, 
it suffiees to show that Fa preserves eomposition for matriees of the form 

£™(r) = (g) (r) 00'”-'^””^', 

sinee every matrix is the sum of matriees whieh are zero everywhere exeept at one plaee. Note that 
FA(Fj"(r)) = eA®j-i S^{r) (g)£A®"-^ so 

Fa {Fjj (r)) ~ S £a®'^i S 0 (£) *g^ £a®''~' S * 

To see that Fa is symmetrie, we have, by the naturality of Xaa, 

Fa(Fi2|(1)+f|i 2(1)) = (?7A<g)lA®eA) + (£A<g)lA®t7A) 

= Fa®a {Va <gi 1 a ® Tt *g> £a 1a Va)Aa0a 

= {fa S Ma)(1a STaaS 1a)( t]A ® 1 a O Sa ® £a fg) 1 a <g) tJa)(1a <8) TtA ® 1 a)(Aa <8) Aa) 
= {fa SFA)(riA SIaSIaS t]a)taa(U S^aStIaS 1a)(Aa <8) Aa) 

= {/iiAiVAS 1 a) S/iiA(lA s tja))T4a((1a <8) £a)Aa <g) (sa <g) 1 a)Aa) 

= Tt- 


□ 

Lemma 4. IfR is a commutative rig and F : Mat(F) —> ^ is an algebra over the PROP Mat(F), then there 
exists some (A, 0a) G Bimon^ such that A = F(l), /Ta = F(/r/j), tja = F(77r), Aa =F{Ar), Sa = F(e«), 
and 0a(£) = F(r : 1 ^ 1). Furthermore, F is an enriched functor. 

Proof. The axioms for A being a bieommutative bimonoid follow from the respeetive axioms of Mat(F) 
and the faet that F is a monoidal funetor. 

We still need to show that F is an enriehed funetor. Let X and Y bemxn matriees; then 

AiA®».(F(A)®F(T))AA®n=F(4 4) F t) ^ (/l) 

= F{X + Y). 


□ 


We now prove our main theorem: 

Theorem 5. IfR is a commutative rig, then Mat(F) is the PROP for bieommutative bimonoid A equipped 
with a map of rigs 0 : F ^ End (A). 
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Proof. We begin by giving a functor F from Bimon^ to the category of algebras over Mat(7?). Given 
an element (A, 0^) G Bimon^, let F(A, (^> 4 ) be the functor indicated by Lemma 3; note in particular that 
A = F(A,(^(A))(1) and 0(r) = F(A,(/)A)(r : 1 —> 1) for all r £ R. Suppose / : (A,(/) 4 ) is a 

morphism in Bimon^. We must define a natural transformation F(/) from F{A,(j)A) to F(B,(/)s); let 
F(/)(n) = /®". We need to show that for every nxm matrix X with coefficients in R, the diagram 




jr^m 


F{B){X) 




commutes. Because of the enriched structure on the functors F{A,<Pa) and F{B,^b), it suffices fo check 
this condition for matrices with precisely one nonzero entry. For 1x1 matrices (r), this becomes 
/(^a(^) = </’e(^)(/)> which is true since / is a morphism in Bimon^. It is also true when m or n is 0 
since (F(A, 0 a))(O) is both an initial and terminal object. Since each matrix with one nonzero entry is a 
tensor product of matrices of these types, we know that F is a functor. 

Now we want a functor G from the category of algebras over Mat(/?) to Bimon^; letting G be the 
functor indicated by Lemma 4, we have G{F : Mat(/?) —)• ^) = (F(l),F(HomMat(R)(l, 1)))- Our functor 
sends the natural transformation a : F —)• G to the component a\. This is well-defined since 


F(l) 

0 ( 1 ) 


Fir) 


G{r) 


F{1) 

0 ( 1 ) 


commutes. We know G is a functor because composition of natural transformations is defined compo¬ 
nentwise. 

By the way we have defined F and G, we can see fhat GF = idgjj^^j^w and FG is fhe identity functor 
on the category of algebras of Mat(/?), so we have an isomorphism of categories. □ 

The fact that ^ End(A) is a rig homomorphism has the following diagrammatic representation, 
letting a triangle containing the variable r G represent <p (r): 



These diagrams, together with those in Section 2, constitute the entire set of relations given by Baez and 
Erbele for Mat(k), where k is a field [5]. 
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5 Examples 

As noted earlier, Mat(/?) is equivalent to some famous PROPs for the right choices of R. The only 
possible two-element rigs are the Boolean rig B where 1 + 1 = 1 and F 2 where 1 + 1=0. We define 
FinRel to be the category whose objects are finite sets and whose morphisms are relations between them. 
Because all sets of the same cardinality are isomorphic in this category, we can make FinRel into a PROP 
by choosing one representative of each cardinality and defining the tensor product on objects to be the 
disjoint union of sets. A relation from niton can be defined as a Boolean-valued matrix by letting the fth 
row and jth column be 1 if and only if i relates to j. Relations can also be visualized as string diagrams, 
where i relates to j if and only if a path connects the two; an example is given in Figure 1. 


a b c d e f 



Figure 1: A string diagram for a relation 


If A is an algebra over Mat(B) equippped with a map of rigs 0 : B ^ End(A) and a G End(A), then 
a + a = + (p{lR))a = a', conversely, if a + a = a for all a G End(A) then 0(li?) + (/>(1 r) = 0(1«), 

so the algebras of Mat(B) are exactly those where a + a = a for all a G End (A). 

Eet A be a bimonoid; we say A is special if Pa^a = idA- Note that 


a + a = /Xa (a <8) a)A^ = Pa^a^, 

so it follows that a + a = a for all a G End(A) if and only if A is special. Therefore we have 

Corollary 6. The category EinRel whose objects are finite sets and whose morphisms are relations 
between them is the PROP for special bicommutative bimonoids. 

Replacing !« + !/? = Ir with !/? + !« = Or gives us a + a = 0 for all a G End(A), so the above 
discussion yields: 
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Corollary 7. Mat(F 2 ) is the PROP for bicommutative bimonoids A where }XaAa = Oa^a- 

Now consider the case Mat(N). This category is equivalent to FinSpan whose objects are finite sets 
and whose morphisms X —)• T are triples (5,/ : S X,g : S —> T), where 5 is a set and f,g are ordinary 
functions. To see this, if M is a N-valued matrix, we can think of as the cardinality of the set 

{s e S\f{s) = j and g{s) = i}. 

Since N is an inital object in the category of rigs. 

Corollary 8. FinSpan is the PROP for bicommutative bimonoids. 

An equivalent version of this result was proved by Lack [4, 9]. 

For a symmetric monoidal category define a Hopf monoid A over ^ fo be a bimonoid equipped 
wifh an addifional morphism S : A ^ A satisfying 


AtA (SOid^jA^ = tiaSa = AtA(idA (8 >S)Aa. 

In fhe case where is fhe category of vecfor spaces over a field k, we call A a Hopf algebra', fhorough 
explainafions of Hopf algebras are given in [6, 13]. We know fhaf S is a bimodule anfihomomorphism 
[13], so if A is bicommufalive, S is a bimodule homomorphism. Therefore fhe enriched sfrucfure on 
End (A) simplifies fhe above axiom lo 

S + idA = Oa • 

Now lhal we know lhal S is a bimodule homomorphism, we can say lhal 

0 = t]a£a = SriA^A = SpA {S <8) idA) Aa =p{S'^‘S> S)Aa = S'^ + S, 
from which if follows fhaf = idA. 

Corollary 9. Mal(Z) is the PROP for bicommutative Hopf monoids. 

Proof. We musl show lhal a bicommulafive Hopf monoid is exaclly a bicommulafive bialgebra A equipped 
wifh a rig homomorphism 0 : /? —> End (A). 

If A is such an algebra, Ihen A is a bicommulafive Hopf monoid wifh antipode ()»(—1), since 
t^a^a = ()>(0) = (/>(!) +(/)(-!) =AtA (idA <8)</>(-1 ))Aa 
and 

T]a£a = 0(0) = ^(-l) + 0(l) =AtA(^(-l)®idA)AA. 

Conversely, Eel A be a bicommulafive Hopf monoid wifh antipode S. We need lo show lhal 0(—1) = 
S extends uniquely lo a rig homomorphism 0 : Z —>• End(A). We are locked into choosing 0(0) = 
0, 0(n) = idA + <p{n — 1), and 0(—n) = S + <p{—n + 1) inductively for each positive integer n. Since 
S + idA = 0 is Ihe antipode axiom, we have lhal 0 is an additive homomorphism of commulalive monoids. 
Thai 0 is a homomorphism of rigs now follows from Ihe dislribulive law for rigs and Ihe fad lhal = idA 
since A is a bicommulafive Hopf monoid. □ 
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